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An irttegral-spectral formulation for laminar reacting flows in tubular geometry (tubu- 
lar Poiseuille flows) is introduced and pe#ormed within an operator - theoretic ffame- 
work where the original convective-difisive differential transport problem coupled with 
reaction is inverted to give an integral equation. This equation is of second kind and of 
the Volterra type with respect to the axial coordinate of the tube with a kernel given by 
GreenS function. Green 'sfunction is identifed by a methodology that gives the Mercier 
spectral expansion in terms of eigenvalues and eigenfunctions of the Stiirm - Liouville 
problem in the radial variable of the tube. Eigenvalue problems for both Dirichlet and 
von Neumann boundary conditions are solved in terms of analytical functions (Poiseuille 
functions) and compared with the values found in the literature. The groundwork is set 
for future applications of the methodologV to solving a wide variety of problems in 
convective- difisive transport and reaction. Examples with wall and bulk chemical 
reaction are giuen to illustrate the technique. 

Introduction 
Heat or mass transfer in cylindrical tubes or rectangular 

channels under laminar flow conditions coupled with homo- 
geneous and heterogeneous sources are important in a very 
large range and number of technological applications of cur- 
rent interest. Traditional applications in heat exchangers have 
utilized sinusoidal wall flux variations (Hsu, 1965a; Glas- 
stone, 1966) as in the cooling of nuclear reactors, and more 
modern uses may add homogeneous microwave sources for 
heating or drying processes (Ayappa et al., 1991). Reaction 
systems under laminar flow conditions have been studied in, 
for example, heterogeneous catalytic reactors such as mono- 
lithic converters (Young and Finlayson, 1976) and in homoge- 
neous tubular reactors (Rothenberg and Smith, 1966; Ander- 
sen and Coull, 1970; Linn and Huff, 1971; Golding and Dus- 
salt, 1978). A plethora of mass transfer/separation processes 
that function under laminar conditions have arisen since the 
advent of synthetic membranes. Hollow fiber ultrafiltration, 
liquid membranes for facilitated transport separations, and 
other permselective membranes may utilize laminar flow on 
one or both sides of the membrane. The coupling of catalytic 
reactions with membrane separations first arose in immobi- 
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lized enzyme and cell systems where the heterogeneous (cell 
or enzyme) reactions occur in the pore space of the mem- 
brane bounded by fluid flowing in laminar flow (Kim and 
Stroeve, 1988; Kitano and Ise, 1984; Davis and Watson, 1985). 
The advantages of these coupled separation/reaction pro- 
cesses have rapidly been incorporated in nonbiochemical or 
biological reactors such as ceramic membranes impregnated 
with hydrogenation, dehydrogenation, and other petroleum 
catalysts (Ziaka et al., 1993), and in phase transfer catalysis 
in membrane reactors (Stanley and Quinn, 1987). 

A very large class of laminar-flow-based (nonreactive) sep- 
aration processes called field flow fractionation (FFF) has also 
been developed by Giddings (1991). These processes use lam- 
inar flow in a thin channel coupled with a perpendicularly 
applied external field (such as electrical, centrifugal, mag- 
netic, thermal, cross-flow, and dielectric). In addition, lami- 
nar flow in tubes with radial diffusion has been analyzed be- 
ginning with Taylor (1953, 1954a,b) and continuing with Aris 
(1956) and Brenner (1991) to determine effective dispersion 
parameters. 

Although many attempts have been made to obtain a gen- 
eral closed-form solution for laminar systems that include 
transport coupled with chemical reactions or other sources, 
these efforts have been limited to first-order reactions or lin- 
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ear sources (Schechter and Wissler, 1960) and to simple and 
very particular limiting cases (Nigam, 1982; Mansour et al., 
1989; Barouh and Mikhailov, 1989, 1990). Furthermore, the 
techniques used in the past have been mostly (a) numerical 
approaches (Hsu, 1965b; Andersen and Coul, 197Q; Solomon 
and Hudson, 1971; Urtigaga et  al., 19921, (b) approximate 
methods (Tereck et al., 1987) that solve only certain aspects 
of the general problem, and (c) the methods of moments (Aris, 
1980), which d o  not yield a detailed solution but rather give 
information about averaged quantities. The present study in- 
troduces an integral equation analysis of laminar flow sys- 
tems with heat or mass transport coupled with homogeneous 
(bulk) and heterogeneous (wall) sources. 

The integral equation methodology developed here per- 
mits a derivation of “closed”-form solutions to problems with 
laminar flow (with negligible axial energy or mass dispersion) 
for a variety of different situations. Integral equations play a 
very important role in determining the existence of unique- 
ness conditions, deriving bounds for the solutions, and for 
devising efficient numerical schemes (Goldberg, 1979; Jas- 
won and Symm, 1977; Delves and Walsh, 1974). Some prob- 
lems in the area of transport and reaction have been exam- 
ined with integral equations; however, these studies have fo- 
cused on fairly simple situations (Gidaspow, 1971) or specific 
cases with ccrtain types of reactions (Lee and Ark, 1977; 
Schilson and Amundson, 19611, and it seems that the power 
of integral equations to simplify the computational scheme 
has been overlooked. Arce et al. (19881, and Grau et al. (1988) 
used integral equations to analyze laminar flow reactors and 
mass transfer devices, respectively. More recently, Karrilla 
and Kim (1989) have reported a very detailed account of the 
use of integral equations in the area of fluid mechanics (see 
also Kim and Karrilla, 1991; and Tanzosh et  al., 19921, and 
Stewart et al. (1991) have proposed the use of integral equa- 
tions for packed-bed reactors. 

In the present article, the governing integral equations are 
derived through the Green’s function method (Weinberger, 
1965) following an approach that relates the Green’s function 
to the spectral expansion (Mercer’s expansion; Courant and 
Hilbert, 1953) in terms of the eigcnvalues and eigenvectors of 
the linear transport problems. These eigenvalues and eigen- 
vectors are obtained from Poiseuille’s functions (Lawerier, 
1950, 1951), and this yields a computational strategy where 
the linear transport terms are uncoupled from the nonlinear 
source terms. This strategy considerably simplifies the perfor- 
mance of parametric studies since the eigenvalues and eigen- 
vectors of the Stiirm-Liouville problem are computed once, 
independently of all input and/or wall conditions. The strat- 
egy allows the exploration of a wide range of parameter val- 
ues with a minimum of computation. In previous approaches 
(Dranoff, 1961; Lupa and Dranoff, 1966) it was necessary to  
recompute all the eigenvalues for each case whenever a phys- 
ical parameter was varied. Problems that include mass or heat 
transport (with or without linear or  nonlinear chemical reac- 
tions or heat sources) at the wall can be solved by the present 
integral-spectral (boundary) equation approach. This ap- 
proach leads to  a drastic reduction in grid requirements with 
respect to other methods such as finite differences o r  finite 
element methods. The models solved in this article include 
Dirichlet- and von Neumann-type boundary conditions at the 
wall. 

The use of integral equations makes it possible to account 
for a number of very different physical cases using a single 
unified scheme. For example, a nonuniform input tempera- 
ture coupled to an axial variation of heating (or cooling) at 
thc wall can be analyzed with the same computational scheme 
(with minor changes) as for the case of uniform input tem- 
perature and constant wall temperature. In addition, the rel- 
ative importance of the different contributions (e.g., the en- 
ergy due to the input flow, the energy due to a homogeneous 
heat source and the energy due to the wall flux) to the tem- 
perature profile can be clearly identified. The general and 
integral formulation, analysis of the Sturm-Liouville prob- 
lems, the general computational strategy, and selected appli- 
cations to processes with chemical reactions are given in the 
present article. 

Model Formulation 
The mathematical model for the general problem is formu- 

lated in this section. It is assumed that a solution with a con- 
centration cu(r)  is fed into a cylindrical tube, at the position 
z = 0, containing a Newtonian fluid with fully developed flow 
with constant physical properties. A homogeneous chemical 
reaction with global kinetics given by R,(c*,T) takes place in 
the bulk of the fluid, and a catalytic heterogeneous reaction 
with rate R J z )  occurs at the wall of the reactor. Under these 
assumptions, the nondimensional steady-state axially sym- 
metric molar species continuity equation is 

r dr 

The homogeneous rate function R,(t ,T) can be any nonlin- 
ear function of the concentration and temperature variables; 
it is only restricted by the usual smoothness conditions re- 
quired to describe the kinetics of chemical reactions. For the 
present analysis we will be concerned with isothermal reac- 
tors and will not account for the temperature dependence of 
R,; we use the present notation in light of a forthcoming study 
to treat applications with simultaneous heat and mass trans- 
fer with chemical reactions. D is the diffusion coefficient of 
the solute in the low concentration limit (Bird et al., 1960) 
and U is the average velocity in the tube. Nondimensional 
variables can be defined as 

where Pe,, is the Peclet number for mass transfer. By using 
these dimensionless quantities, Eq. 1 is transformed into the 
nondimensional differential balance 
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By assuming that Pe, takes large values, Eq. 3 reduces to 

where R( p )  = p(1- p 2 )  and the nondimensional reaction 
rate is 

Boundary Conditions at the Wall. Chemical tubular reac- 
tors may have one of two types of general boundary condi- 
tions at the wall of the tube. For example, when a catalytic 
chemical reaction takes place at the wall of the tube, the dif- 
fusive flux must match the rate of consumption (or produc- 
tion) by chemical reaction at the wall through 

a? 
d r  r = ~ ,  

- D-1 = RW(2, ,Tw),  (5) 

where R,(C,,T,) is a general reaction rate function. Equa- 
tion 5 is a generalized von Neumann type of boundary condi- 
tion. For the case of linear physical equilibrium at the wall 
Eq. 5 must be replaced by 

where K(T,) is a partition equilibrium coefficient. Equation 
6 is a generalized Dirichlet boundary condition. 

In order to close 
the differential models just discussed, symmetry conditions at 
the center of the tube ( r  = 0) and conditions at the entrance 
of the tube (z = 0) must be specified. The symmetry condi- 
tions are 

Other Boundary and Entrance Conditions. 

a t  
-(O,z = 0) = 0 
dr  

v z  E 0 < 2 < L (7a) 

and the inlet distribution is 

c^(r,O) = c O ( r )  V r  E 0 < r < R , .  (7b) 

Nondimensional Forms of the Boundary Conditions. The 
boundary conditions, Eqs. 5 and 7a, for the material balances 
can be reduced, using the nondimensional variables defined 
by Eq. 2, to the nondimensional equations 

where 

(8b) 

The boundary condition given by Eq. 7b now becomes 

where cc( p )  is a dimensionless entrance condition, and that 
given by Eq. 6 is 

where /3 is a nondimensional equilibrium coefficient. 

General Integral Formulation 
The differential models formulated earlier are parabolic 

differential equations with nonhomogeneous terms and with 
boundary conditions of first (Dirichlet), or second (von Neu- 
mann) kind. In this section an operator-theoretic analysis of 
the differential problem will be followed to identify the 
Stiirm-Liouville problem associated with the radial coordi- 
nate, p. Therefore, a differential operation L, Hilbert space, 
H ,  a domain, D( L) ,  and an inner product will be defined and 
systematically used to derive the integral equation associated 
with the parabolic differential problem. Two additional dif- 
ferential operations (i.e., Hc and f i t >  are also required. They 
are defined on the basis of the radial diffusion operation L 
and the first derivative with respgct to the axial variable, 6 
(i.e., d(.)/O[ ). The approach just outlined leads to a very effi- 
cient transformation of the differential model into the inte- 
gral (formal) solution of the problem. This brings consider- 
able advantages with respect to other transformation proce- 
dures proposed previously (Arce et al., 1983, 1988; Beck et 
al., 1992) and also it leads to a very useful framework to be 
extended to other physical situations. The differential opera- 
tion L is given by 

(11) 

and the domain associated with this differential operation is 
defined below. Let w be an element of the Hilbert space, H ,  
then: 

for a Dirichlet condition at p = 1 and 

for von Neumann boundary conditions where the subscript p 
denotes differentiation with respect to p .  H is a set of func- 
tions that are defined as 

where R( p )  = p(1- p2)  and w = {w( p)} represents functions 
in the vector space H. Now the inner product in H is defined 
as 

January 1996 ~~ ~, AIChE Journal Vol. 42. No. 1 25 



The formal solution to the general problems under consid- 
eration here may be obtained in terms of the Green’s func- 
tion of the parabolic differential operations associated with 
the differential problems. Using Eqs. 4 and 11 a parabolic 
differential operation HE can be dcfincd as 

H s c  a- + L c=Q(x,c) ,  [ 3,‘ ] (16) 

where the subscript 5 indicates the explicit use of the deriva- 
tivc with respect to  the axial variable. Introducing a test func- 
tion G(x;x‘) applying the inner product given by Eq. 15 and 
integrating Eq. 16 from 5 = 0 to 5 + E gives 

to give 
Successive integration by parts leads to 

Equation 22 is the formal solution in integral equation form 
to the differential problems described in the second section 
for the case of Dirichlet boundary conditions at the wall. 
Equation 22 contains three terms that correspond to three 
physical aspects of the original problem. The first term is the 
contribution to  the temperature or concentration profile due 
to the input conditions. The second term contains the effect 
of the wall temperature OM,( 5 ) or concentration c,( 5 1, and 
the third term displays the effect of the bulk homogeneous 
heat or  chemical reaction sources. The function G(x;x’) in 
Eq. 22 will be properly identified in a following section. 

For the case of von Neumann boundary conditions, Eq. 20 
must be replaced with 

+ a ‘dp” p’”( p ’ , [  + € ) G ( x ; p ’ , [  + E )  i, 
- c(  p’,O)G(x;p’,O)l 

= j [ l ~ + t d F ’ ( G ( x ; x ’ ) , Q ( x ’ ) ) ,  (18) 

where the subscript p in G,(.), c,(.) indicaLes differentiation 
with respect to the radial variable, p and Hs = - a ( d ( . ) / d [ >  
+ L .  The operator Hc is the adjoint operator of the parabolic 
differential operator HE defined previously (Haberman, 
1987). Equation 18 is a general result that holds for both cases 
of von Neumann and Dirichlet boundary conditions at  the 
wall. In order to obtain the formal solutions from Eq. 18, it is 
useful to definc the following problem for the test function 
G(x;x‘) (Weinberger, 1965; Haberman, 1987) 

Equation 19 is satisfied by the function G(x;x’) for both cases 
of boundary conditions of the original differential problem. 
In addition, for the case of the Dirichlet boundary condi- 
tions, G(x;x’) satisfies 

G ( x ; l , [ ’ )  = 0 (20) 

G ( x ; p ’ , e ‘  + E )  = 0 (causality). (21) 

Using Eqs. 19, 20 and 21 and applying lim in Eq. 18 gives 
‘ - 0  

where, as before, the boundary conditions of the original 
physical problem have been used and the operator lim (.) 
has been applied. Equation 24 is the integral solution to the 
original differential problem given by Eq. 4 and the bound- 
ary-entrance conditions given by Eqs. 7a and 7b with von 
Neumann boundary condition at the wall, that is, Eqs. 8a and 
8b. Equations 22 and 24 are, in general, implicit equations 
since the reaction sources Q(x’) and R,( p’ )  can be functions 
of the concentration variables c( p , t )  that, in turn, are the 
solutions to the mass transfer problems. The  first term in Eq. 
24, as for the Dirichlet problem, Eq. 22, is the contribution 
due to the entrance conditions, co( p).  The second term cor- 
responds to the mass flux at the wall, and the third tcrm, 
similarly to  the Dirichlet problem, is the contribution arising 
from the volumetric source, Q(x). The form of the function 
G(x;x’) is related to that of Eq. 22 and it will be specified in 
a following section. 

t - - 0  

Identification of the associate eigenvalue problems 
The procedure for identifying the eigenvalue problems is 

considered in this section. A new test function, +H( b) ,  will be 
used in an integration of Eq. 16 to yield 

where u ( x )  is the solution to  the differential problem that 
satisfies the homogeneous boundary conditions, (,> is the in- 
ner product defined in Eq. 15, and Hc the operation given in 
Eq. 16. An integration by parts performed on Eq. 25 leads to 
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The Stiirm-Liouville problem associated with the radial dif- 
fusion operator L is 

For the homogeneous Dirichlet boundary conditions of the 
original problem, Eqs. 28a and 28b reduce to 

For the homogeneous von Neumann case Eqs. 28a and 28b 
reduce to 

Using Eq. 27, Eqs. 28a and 28b yield 

where 

Equation 30 requires an entrance condition that may be de- 
rived from the original problem as 

Now, the general solution to Eq. 30 is given by 

This equation will play an important role in determining the 
solution to the differential problem with homogeneous 
boundary conditions (see the following section). Equation 34 
requires calculation of {An} and {&( p)}. These eigenvalues 
and eigenfunctions can be obtained by solving the eigenvalue 
problems given by Eqs. 27, Eqs. 29a and 29b or 29c and 29d. 

From Eq. 15 it is a straightforward task to obtain thc nor- 
malization factor for the function 4n( p )  

Note, for convenience all subsequent references to +n( p )  will 
refer to the normalized eigenfunctions. 

Spectral (Mercer) expansion of the Green ’s fiinction 
The solution to the differential heat- and mass-transfer 

problems with homogeneous boundary conditions can be de- 
rived by using the superposition principle of linear equations 
to obtain 

where bn(&) is the set of functions given by Eq. 34 and the 
+,( p )  are the normalized eigenfunctions obtained from the 
eigenvalue problems identified in the previous section. After 
using Eqs. 34 in Eq. 36, it is possible to write 

where the summation and integration operations have been 
interchanged. Equation 37 is the formal integral solution to 
the differential problem with homogeneous boundary condi- 
tions. For the case of Dirichlet boundary conditions it is 
identical to Eq. 22 with c,( 5 )  = 0, and for the case of von 
Neumann it is identical to Eq. 24 with a,( 6 )  = 0. By com- 
paring these equations term by term, the Green’s function 
can be found to be 

where 
38 

5 - 5‘) is the Heaviside (step) function. From Eq. 

and 
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G(x;l ,t’) 

With these results, the formal integral solution of the differ- 
ential problems with Dirichlet and von Neumann boundary 
conditions at the wall is now complete. It is important to rec- 
ognize that Eqs. 38 and 41 are formal expressions for the 
Green’s function for any boundary conditions. The evaluation 
of A,, and +,,( p )  must be considered properly for the specific 
cases of Dirichlet or von Neumann types of boundary condi- 
tions. The solution strategy for these problems is addressed 
below. 

Solution to the Eigenvalue Problems 
The solution to the eigenvalue problems for both types of 

boundary conditions (i.e., Dirichlet and von Neumann) will 
be discussed in this section. Both eigenvalue problems can be 
proved to be self-adjoint (Weinberger, 1965). Moreover, the 
operator L, defined by the differential operation L after Eq. 
11 and boundary conditions given by Eqs. 29a and 29b is a 
self-adjoint operator in the Hilbert spaces H .  Self-adjoint 
properties to the operator determine that the set {+,( p ) }  is a 
complete set, that the set {A,,) belongs to the real numbers, 
and V A, f 0 the eigenvalues will be positive (Friedman, 1956). 

Dirichlet boundary condition 
The eigenvalue problem for this case is given by Eq. 27 

along with Eqs. 29a and 29b. The solution to Eq. 27 can be 
related to the hypergeometric confluent equation (Lawerier, 
1950, 1951; Abramowitz and Stegun, 1965) by using the trans- 
formations 

for fixed n. The solution to Eq. 27 is now given by 

(43) 

where 

The functions M(- )  and U(.) are the fundamental solutions 
of the hypergeometric confluent equation (Kummer’s equa- 
tion) and cl, c2 are two integration constants. Because U(.) 
has a singularity at the origin ( y  = 0) (Ederlye, 1953), bound- 
ary condition 29b requires that c2 = 0. Therefore Eq. 44 re- 
duces to 

The set of functions {+, , (p)}  with T,(y) given by Eq. 45 is 
known as Poiseuille’s set of functions since it gives solutions 
to heat/mass transfer problems of the Hagen-Poiseuille type 

(Lawerier, 1951). Using these Poiseuille’s functions and 
boundary conditions 29a and 29b, the following characteristic 
equation is found: 

where M(U,~,I,A,) is given by the general series 

where 

The eigenvalues of the operator L that correspond to the 
Dirichlet boundary conditions are the roots of the character- 
istic Eq. 46a. These roots, {A,l}, can be obkined by solving 
Eq. 46a with standard computational techniques. Table 1 
shows the first ten eigenvalues for the Dirichlet case. These 
calculations have been made with approximately one hun- 
dred terms in the hypergeometric series of thc Poiseuille 
functions. Table 1 also shows eigenvalues published in the 
literature (Jacob, 1949; Villadsen and Michelson, 1978) in the 
first column. The values of this column compare very well 
with the ones that were calculated using the methodology of 
this article. The advantages of the approach discussed here 
are that it is relatively easy from a computational point of 
view to produce a large number of eigenvalues within a de- 
sired accuracy. Figure l a  shows the first five normalized 
eigenfunctions +,A p )  and Figure l b  shows the next five ( n  = 
5-10) normalized eigenfunetions corresponding to the eigen- 
values A,, given in Table 1. An interesting characteristic to be 
observed is that the oscillatory behavior of the functions 
+,,(p> with respect to the radial variable p increases one 
branch per eigenvalue. This behavior implies that the func- 
tion & ( p >  shows only one branch in the domain 0 s  p i 1  
for n = 3 ;  two branches, for n = 2, three branches for n = 3, 
and so on. The nature of this behavior is useful for numerical 
simulations in regarding of points that must be used (in the 
variable p )  to be able to capture the shape of the function 
+,( p).  Also, the effect of the boundary condition is projected 
from the position p = 0 up to a position p r 0.2 for the first 

Table 1. First Ten Eigenvalues for the Dirichlet Boundary 
Condition Case 

n Literature Values” This Work 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

2.7044 
6.6790 

10.6734 
14.6711 
18.6699 
22.6691 
26.6681 
30.6683 
34.6681 
38.679 

2.70436 
6.67903 

10.671 07 
14.67107 
18.66987 
22.6691 6 
26.66866 
30.66832 
34.66807 
38.66788 

“Data from Jacob (f949), and Villadsen and Michelson (1978). 
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Eq. 29d is a positive definite operator under the inner prod- 
uct 15 in the function space H defined previously. These 
properties assure that the set { 4 , , ( p ) )  is a complete set of 
eigenfunctions and that {A,)d?Vn. Furthermore, any A, f 0 
is a positive real number. The functions 4, , (p)  can be com- 
puted in an analogous fashion to that for the Dirichlet prob- 
lem. The formal solution for *,Il,(z) is also given by Eq. 44; 
however, the integration constants must be calculated by us- 
ing Eq. 29c and Eq. 29d. After performing the necessary al- 
gebra 

- n=r - n=2  

n=5 

3 
n=4  

---- n= --- 

(47a) 

- ,  s-. , i 
0.2 0.4 0.6 0.8 1.0 

P 

-10.0 
0.0 

(b) 

Figure 1. (a) First five normalized eigenfunctions, 
h( p )  for the case of Dirichlet boundary con- 
ditions case; (b) normalized eigenfunctions 
for eigenvalues A,, from n = 5 to n = 10 for the 
Dirichlet boundary condition case. 

few eigenfunctions. In this region only one branch of the 
eigenfunction is observed for the first five eigenfunctions. The 
effect of this boundary condition is less powerful when the 
value of n increases. For example, for n = 10, the first branch 
of the eigenfunction ends around p = 0.1. At the other end, 
p = 1, the last branch of the first few eigenfunctions starts 
around p = 0.8, and this value becomes closer to p = 0.9 when 
the value of n increases. All of the eigenfunctions meet at 
p = 1 at the value +,,(1) = 0, as required by the boundary con- 
dition of the original differential problem. 

von Neurnann boundary condition 
The eigenvalue problem for the von Neumann case is given 

by Eq. 27 coupled with the boundary conditions Eq. 29c and 
Eq. 29d. As in the Dirichlet case, this problem is also self-ad- 
joint. Furthermore, the operator L defined with the differen- 
tial operator Eq. 11 and the boundary conditions Eq. 29c and 

where the subscript indicates differentiation with respect to 
the radial coordinate, p .  This equation also admits the zero 
eigenvalue. The complete solution to Eq. 47a was obtained 
by Arce et al. (19881, and the first 20 eigenvalues are given in 
Table 2. Also, an asymptotic formula for n --$ large was pro- 
posed as the solution of the characteristic Eq. 47. The equa- 
tion is given by 

A,, - 4 n + - ,n-+ large ( J (47b) 

and the results yielded by Eq. 47b are included in Table 2. As 
n increases, the roots to Eq. 47a produced by Eq. 47b be- 
come very close to the values of A computed using numerical 
routines (Arce et al., 1988). 

As in the case of Dirichlet boundary conditions, the com- 
putation of the eigenfunctions, 4,( p )  are performed by using 
Eq. 43, where the values of the first twenty A, are given in 
Table 2. Figure 2a shows the first five normalized eigenfunc- 
tions +,,( p )  computed by using the values of A, given in Table 
2. The next five (n = 5-10) eigenfunctions are shown in Fig- 

Table 2. First 20 Eigenvalues for the von Neumann Bound- 
ary Condition Case and Comparisons with the Eigenvalues 

Produced by Asymptotic Eq. 47b 

n Literature Values Computed (A')  Asymptotic (A")  Af, X 10' 

1 5.0675 5.06750 4.33 (1/3) 4.7534 
2 9.1576 9.15760 9.0 (1 /3) 2.6933 
3 13.1972 13.1 7922 13.0 (1/3) 1.8808 
4 17.2202 17.22023 17.0 ( 1  /3) 1.4452 
5 21.2355 21.23551 21.0 (1/3) 1.1737 

6 25.2465 25.24653 25.0 (1 /3) 0.9889 
7 29.2550 29.25490 29.0 (1/3) 0.8533 
8 33.2616 33.26524 33.0 (1/3) 0.7508 
9 37.2669 37.26690 37.0 (1/3) 0.6705 
10 41.2715 41.27138 41.0 (1/3) 0.6058 
11 45.2753 45.27518 45.0 (1/3) 0.55254 
12 49.2785 49.27845 49.0 (1 /3) 0.50805 
13 53.2813 53.28129 53.0 (1/3) 0.47037 
14 57.2839 57.28380 57.0 (1/3) 0.43815 
15 61.2861 61.28603 61.0 (1/3) 0.41045 

16 65.2880 65.2880 1 65.0 (1 /3) 0.38672 
17 69.2898 69.28980 69.0 (1/3) 0.36711 
18 73.2918 73.29141 73.0 (1/3) 0.35421 
19 71.2932 71.29282 77.0 (1/3) 0.34617 
20 81.2945 81.29395 81.0 (1/3) 0.28240 
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n=2 
n=3 
n=4 
n=5 
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- 
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8 

0.0 

-5.0 
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P 

(b) 
Figure 2. (a) First five normalized eigenfunctions, 

#+,( p )  for the von Neumann boundary condi- 
tion case; (b) normalized eigenfunctions for 
eigenvalues An from n = 5 to n = 10 for the von 
Neumann boundary condition case. 

ure 2b. Thc oscillatory behavior of these eigenfunctions is 
similar to that described previously for the case of the Dirich- 
let boundary conditions. The first 10 eigenfunctions are evenly 
split around the point zero at the wall position p = 1 and all 
of them satisfy the boundary conditions of +n(l) = 0 as re- 
quired by the original differential problem. 

The procedure used in this article leads to  an eigenvalue 
problem that is completely independent of all kinetic param- 
eters of the problem and offers a straightforward method that 
yields large numbers of eigenvalues and eigenfunctions with 
minimal computational effort. This characteristic of the 
method will be very useful in the illustrative computations 
since eigenvalue and eigenfunctions of the Sturm-Liouville 
problems associated with the operator L can be computed 
once for all types of chemical reactions kinetics involved in 
the various cases of the reactor. This saves considerable time 
in the computations required to  obtain the radial concentra- 
tion profiles. 
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Alternate Solution for the Dirichlet Problem 
Equation 22 gives the formal integral solution to the differ- 

ential problem with Dirichlet boundary conditions. This inte- 
gral requires the Green's function given by Eq. 38 and deriva- 
tives given by Eq. 40. It is well known that integral equations 
featuring Grecn's functions as kernels must be used carefully 
when computing the actual solution since they contain singu- 
larities at the boundaries (Kellog, 1953). Solutions for the 
function O , ( , $ )  at  the boundary contain Fourier series that, 
in general, converge very slowly (Haberman, 1987). An alter- 
native approach for improving the integral solution is to de- 
rive a solution that features a particular solution O,,(x) that 
satisfies the boundary conditions and a modified transport 
equation. Thus, the general solution will be given by 

where the function OJx) satisfies the problem with homoge- 
neous boundary conditions. The function H(x)  will satisfy a 
transport equation that features a modified general source 
term given by 

whcre the functions $(x) and &x) are given by 

(50) 

(5'1) 

respectively. The function Q<x) is the original nondimen- 
sional source term given after Eq. 4. For the particular solu- 
tion OJx) it is possible to find a family of functions of the 
type 

It is immediately recognized through Eq. 5'2 that 0:") satis- 
fies the nonhomogeneous boundary conditions at p = 1 and 
that 

for any n 2 2. Using the functions given by Eq. 52 and Eq. 
53, it is a straightforward task to show 

(54) 

and 
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For the particular case of n = 2, this equation reduces to the 
simpler form 

The function 55b and Eq. 52 define the alternate solution for 
the Dirichlet problem. The O,(x) function is given by the in- 
tegral solution Eq. 22, which now satisfies the problem with 
homogeneous boundary conditions. 

Computational Aspects 
The integral equation solutions of the problems discussed 

in this article can be written in a generic form as 

where K ( x ; x ’ )  is the kernel of the integral equation which, 
for the different cases discussed in the previous sections, fea- 
tures the Green’s functions given by Eq. 38 with properties 
given by Eq. 39 or Eq. 40. The function f [ w ( x ) ]  is given by 
the homogeneous source terms. Equation 56 is known as a 
special case of the so-called nonlinear Hammerstein-Vol- 
terra type of integral equations (Goldberg, 1979) and, in gen- 
eral, it must be solved by numerical techniques. Several com- 
putational schemes may be used (Goldberg, 1979) including 
successive iterations, collocation methods, and finite ele- 
ments, If the method of successive iterations is applied, then 
from Eq. 56 one obtains 

where w,(x)  is the concentration (or temperature) profile 
corresponding to the iteration k .  For the case of K ( x ; x ‘ )  
bounded, the convergence criterion for Eq. 57 is given by 
Lipzchitz (Coddington and Levinson, 1955) for the function 
f [w(x)l 

where L is the so-called Lipzchitz constant that coincides with 
the Damkohler number for the case of homogeneous reac- 
tions with n = 1 (first-order reactions). When condition 58 is 
satisfied, the uniqueness condition for the solutions w ( x )  is 
also satisfied. Equation 58 is satisfied by a wide variety of 
source terms, as will be seen in forthcoming studies. Equa- 
tion 57 is solved numerically for several mass transfer with 
chemical reactions cases in a section below by the Piccard’s 
method (the successive iteration method). The technique is 
fast and reliable and it is easy to implement the steps of the 
computational algorithm. 

In solving the integral equation there are three types of 
errors that must be properly bounded. The first error arises 
in truncating the series that define the Green’s functions 
given, for example, by Eq. 38. To compute this series, a finite 
number of terms must be found, and therefore, an error is 
produced in the process. For a given norm, this error may be 
indicated as IIK(x;x’)- K,(x;x‘)l l= E,, where n is the num- 

bers of terms used in the series of the kernel, K .  The number 
n usually depends on the number of eigenvalues used in com- 
puting the solution to the integral equation (Goldberg, 1979). 
Another error corresponds to the evaluation of the integral 
by numerical techniques, and is given by lI/&r’g(x’) - 
C;g(x;)h,ll = E,. This error is a function of the method used 
to compute the integration (i.e., Simpson, quadrature, etc.) 
indicated earlier. Finally, there is also an error in determin- 
ing the solution that will satisfy the integral equation itself 
that can be denoted by I(wk+ , ( X I -  w,(x)ll= E,. The total er- 
ror is therefore given as E,  = E ,  + E ,  + E,. It is important 
in calculations to monitor a relationship such as E ,  << E, < 
E ,  in order to have meaningful results €or the solution w(x) 
of the integral equation. 

The integral-spectral approach developed in the previous 
sections will be applied to several cases with reactions at the 
wall, homogeneous (bulk) reactions, and simultaneous cat- 
alyzed wall and bulk reactions. The kinetics used in the cal- 
culation will be mainly focused on nonlinear functions such 
as the power-law and the Laugmuir-Hinshelwood types. 

Homogeneous (Bulk) Reactions 
This section discusses the application of the technique de- 

veloped earlier to the homogeneous tubular reactor with bulk 
reactions that have rate expressions given by power law ex- 
pressions or Michaelis-Menten or Langmuir-Hinshelwood 
forms. The methodology is general and could be applied to 
other reaction rate forms. It will be given in this section. The 
homogeneous tubular reactor with laminar flow has applica- 
tions in several industrial processes (Trombetta and Happel, 
1966; Tan and Hsu, 1971) and in laboratory analysis to ex- 
tract information from reacting systems such as transport pa- 
rameters and kinetic rate functions (Lupa and Dranoff, 1966; 
Villameaux, 1981; Subramanian and Berhe, 1972; Dang, 
1983). 

Several different techniques have been used to solve the 
mathematical models resulting from the class of problems 
considered here. The methods include, for example, finite 
differences (Cleland and Whilhelm, 1956), solutions based on 
eigenfunction expressions (Hsu, 1965; Schecter and Wissler, 
19601, and the methods of moments (Aris, 1980). In general, 
the cases addressed in these previous analyses are limited to 
first-order reactions (Lawerier, 1959; Nigam, 19821, simpli- 
fied models for photoreactions (Schechter and Wissler, 19601, 
and some simple cases of polymerization reactions (Ray and 
Laurence, 1977). Due to the simplifying nature of the as- 
sumptions made in the model formulation, some semianalyti- 
cal expressions have been obtained (Ogren, 1975; Nigam, 
1982). In this section the general integral solution derived in 
the previous sections of this article will be applied to several 
cases of the laminar flow tubular reactor. The focus is on 
nonlinear kinetics and, in particular, power-law forms and 
Michaelis-Menten or Langmuir-Hinshelwood types of rate 
law expressions. In the first case, global reactions of a gener- 
alized nth order have a kinetic equation of the following type: 

where the integer n(n 2 0) may take the usual values 0, 1, 2, 
and 3, and it also can take fractional values in the interval 
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0 < n < 1. The nondimensional form of Eq. 59 is 

where u = - 1 and 0, is the Damkohler number of the first 
kind (Carberry, 1977; Cunningham and Lombardi, 1978) de- 
fined as kR2/D(co)'-". 

Another example of homogeneous reactions considered in 
this section is the enzymatic type, which can be described by 
a Michaelis-Menten form. The mathematical equation corre- 
sponding to this kinetics is given by 

The nondimensional version of this equation is given by 

(61) 

(62 )  

As before, D, is the Damkohler number of first kind and K 
is a nondimensional constant. 

The reactor model for the case of homogeneous (bulk) re- 
actions is given by Eq. 4 in nondimensional concentration 
variables and parameters with the constant a = 2PeGe. For 
this reactor analysis t is in the domain 0 < 6 < 1. The bound- 
ary condition at the center of the reactor, p = 0, is given by 
the symmetry condition, Eq. 8a, and at the wall, p = 1, the 
boundary condition is given by Eq. 8b with f l , = O  since in 
this case no reaction is assumed at the external wall. At the 
inlet of the reactor, the condition is given by Eq. 9. The func- 
tion c,( p )  may take any of the nonuniform distributions, but 
for illustration, a constant (uniform) distribution will be as- 
sumed. The effect of other distributions are presented else- 
where (Arce et al., 1992). 

The formal solution to the reactor model described earlier 
is given by Eq. 24 with a,,,( 6 )  = 0 and the function Q(x') 
replaced by the nondimensional kinetic rate function given 
by Eq. 60 or Eq. 62: 

where f i b )  = 8(x' ) /c l  - p 2 )  as given after Eq. 4. The first 
term on the righthand side is the contribution of the inlet 
condition to the concentration profile, and this will be evalu- 
ated for the particular case of co = 1. The second term on the 
right-hand side of Eq. 63 is the contribution from the homo- 
geneous chemical reaction, ah). For the case of a constant 
inlet concentration: 

where Pfl = Af/a and the factor yfl has been identified as 
(Lee and Ark, 1977) 

where y,, can be related to the boundary condition at the 
wall, p = 1, by using the eigenvalue problem identified previ- 
ously. The result is (see Appendix 1) 

(66) 

where the subscript p indicates differentiation with respect 
to p. This equation implies (see Corollary I of Appendix 1) 
that the values of 'y,, = 0, V n  # 0. For the case of n = 0, (A, = 
0); however, y,, can be calculated by using its mathematical 
definition, Eq. 65, to give yo = 1/2. This value satisfies the 
relation yo& = 1 according to the definition of the normal- 
ization constants. These interesting properties of the con- 
stant yfl imply that the value of the term corresponding to 
the inlet conditions is one provided that the nondimensional 
concentration is given by co = 1. Therefore, the general solu- 
tion for the homogeneous tubular reactor with a uniform in- 
let distribution is given by the equation 

Figure 3a shows radial averaged conversion profiles, that 
is, ,y([), for first-order kinetics with different values of the 
Damkohler number, D,. The profiles were computed using 
Eq. 67 with a successive approximation technique as dis- 
cussed in the previous section. All the calculations were made 
for a = 100, using the zero eigenvalue and the 20 eigenvalues 
of Table 2, and with two hundred terms in the series of 
Poiseuille functions given by Eq. 45. The figure shows that a 
value of 0, = 10 yields a conversion profile that is practically 
linear and that reaches a maximum conversion less than 1% 
(0.75%) at the outlet of the reactor. If the Damkohler num- 
ber is changed to a value of D, = 500, the conversion rises 
very sharply in the first half of the reactor, reaching a value 
of 87.83% at the axial position t = 0.50. The maximum con- 
version is 98.23% at the outlet of the reactor. This value drops 
to 79.29% when the 0, = 100 and to a value of 57.5% when 
0, = 50. 

Figure 3b shows the effect of the order of the reaction on 
the conversion profiles x( 6). These calculations were per- 
formed for (Y = 100 and 0, = 50 and using the same number 
of eigenvalues and terms in the Poiseuille functions as be- 
fore. The figure shows the exponential increase in the con- 
version profile that is typicai of parabolic differential models 
where the largest conversion is obtained for the zero-order 
kinetics and the smallest for the case of n = 2. All the con- 
version profiles meet at thd origin at the inlet of the reactor, 
and they reach maximal values at the outlet. The maximum 
conversion varies between ~ ( 1 )  = 0.461 (for n = 2 )  and ~ ( 1 )  
= 0.796 (for n = 0). The outlet conversion of the reactor de- 
creases by about 33.5% when the order goes from n = 0 to 
n = 2, and by about 11.41% when the order is changed from 
n = 1 to n = 2. The difference in conversion at the axial posi- 
tion t = 0.5 is 17.42% when the zero-order reaction is com- 
pared with the second-order reaction. 
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Figure 3. Conversion profiles for the case of homoge- 
neous reactions with power-law kinetics. 
(a) Effect of the Damkohler number for axial conversion 
profiles for first-order case. (b) Effect of the order of reac- 
tion on the axial conversion profiles. 

Figure 4 shows radial concentration profiles for the case of 
first-order reaction with a = 20 and D, = 20. The figure 
shows profiles for various axial positions of the reactor from 
6 = 0 to 6 = 1 (outlet). The calculations show that the pro- 
files satisfy the symmetry boundary condition at the center 
( p = 0) and the no flux condition at the wall, p = 1 (see, for 
example, 6 = 0.1). Also, values beyond 6 = 0.2 show that the 
reactant concentration has been depleted to a zero value 
within the reactor for a range of the radial position. This 
range is located near the wall since those radial positions have 
a larger residence time than those closer to the center due to 
the parabolic nature of the velocity profile. 

Effects of the type of kinetic expression on the conversion 
profiles are shown in Figures 5a, 5b and 5c for the values of 
LY = 100 and D, = 50. Three different kinetic expressions 
(variations of the Langmuir-Hinshelwood type) have been 
used in the calculations performed for these figures. Figure 
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Figure 4. Radial conversion profiles for different axial 
positions. 

5a shows a parametric analysis with respect to constant K for 
the kinetics of the form D,c/(K + c'Pl2. For a value of K = 
0.2, the outlet conversion of the reactor is 32.52%; when the 
value of K is increased to K = 1, the outlet conversion drops 
to 11.88%. When the value of K is maintained at K = 1, but 
the kinetic expression is changed to D,c/(K + c) ,  the outlet 
conversion is 40.45% (Figure 5b), which shows an important 
effect with respect to reactant conversion in the reactor. Fig- 
ure 5c shows the effect of the order n of the reaction when 
kinetics of the type D,c"/( K + c )  are used. The value of n = 1 
with K = 0.5 yields an outlet conversion of 52.41% (Figure 
5b). When the value of n is increased to n = 1.5 and n = 2 as 
observed before, the conversion drops to 45.81% and 41.14% 
at the outIet of the reactor, respectively. 

Wall-Catalyzed Reactions 
This section is devoted to the application of the integral 

formulation to the analysis of wall-catalyzed reactors. These 
reactors, which also have been called "active-wall'' reactors 
(see Farina, 19791, have applications in a variety of chemical 
engineering processes. For example, catalytic wall reactors 
have been used in catalytic converters for automobiles (Young 
and Finlayson, 1976; Lee and Aris, 19721, a certain class of 
methane converters (Froment and Bischoff, 1990), biotechno- 
logical applications (Horvath and Engasser, 19731, and in the 
food processing industry. Active wall reactors are also used in 
polymer processes where laminar flow is necessary due to vis- 
cosity limitations (Tadmor and Gogos, 1979). More recently 
there has been an increasing interest in modeling and experi- 
mental work in membrane reactors. This type of reactor can 
also be considered as an example of "active wall" reactors; 
however, in certain cases the transport inside the membrane 
must be taken into account. There are two alternatives for 
considering transport in the membrane. One possibility is to 
use an effectiveness factor to modify the reaction rate at the 
internal wall to account for the transport limitations inside 
the membrane. Another alternative would be to consider both 
domains (the fluid domain and the membrane domain) simul- 
taneously. In this investigation, a lumped membrane system, 

AIChE Journal January 1996 Vol. 42, No. 1 33 



0.40 

t 
0 3 0  - 

K=O 5 - 

0 1 0  r 

00 0 2  0 4  0 6  0 8  1 0  

5 
(a) 

K=O 5 
030 I K=l  

0 1 0  r 

00 0 2  0 4  0 6  0 8  1 0  

5 
(a) 

Oa0 7- 

_______-_------- 
0.2 0.4 0.6 

' _- 
0.8 I .o 0.0 

5 

0.80 

0.60 I 
i 

Figure 5. 

34 

5 

(C) 

Conversion profiles for the case of homoge- 
neous reaction with different kinetic types. 
(a) Axial conversion profiles for different K values for a ki- 
netics of the type D , c / ( K  i c " ~ ) * .  (b) Effcct of the X Val- 
ues on the axial conversion profiles for the case of D , / ( K  
+ c ) .  (c) Effect of the order of reaction on thc axial conver- 
sion profiles kinetics given by D,c"/(K + c). 
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that is, with an effectiveness factor of unitary value, will be 
considered. Work is in progress to study cases where the 
transport limitation inside the membrane must be included 
(Arce and Locke, 1994). 

Physical systems displaying convective-diffusive transport 
and reactions on the surfaces (i.e,, boundary of the physical 
domain) have been studied in the past. Earlier contributions 
go back to Chambre (1956), who developed an analysis to 
account for the hydrodynamics of the boundary layer and the 
catalyzed reaction at the wall. Chambre and Acrivos (1956) 
and Acrivos and Chambre (1957) discussed the formulation 
of laminar boundary layer models with surfacc reactions un- 
der isothermal conditions. The solution of these problems is 
valid for a limited class of rate functions. Furthermore, by 
approximating the fluid velocity profile near the catalytic sur- 
face, they derived integral equations that allow the calcula- 
tion of concentration gradients at the wall. The effect of ho- 
mogeneous reactions on boundary layer flows has also been 
studied (Leal, 1992), and the effect of diffusional transport 
on the falsification of activation energy and reaction order 
was investigated by Rosner (1963). These investigations are 
all for the case of external flow systems (flows over flat sur- 
faces) and, in general, they focus on relatively simple reaction 
rate functions. Internal flows such as, between two parallel 
plates with zero-order surface-catalyzed chemical reactions 
have been investigated by Rosner (1966). This author also 
presented exact and approximate solutions for laminar and 
turbulent boundary layer flows along flat plates (i.e., external 
flows). Surface-catalyzed reactions have been discussed by 
Katz (1959) who used a Laplace transform approach and fo- 
cused mainly on the kinetic analysis of the problem. 

The general molar species continuity equation for the case 
of wall reactions is given by Eq. 4 with nondimensional vari- 
ables and parameters and with Q(c,  0 )  = 0. The boundary 
conditions for the radial coordinate of the rcactor are given 
by symmetry Eq. 8a at the center of the reactor and by Eq. 8b 
at the wall. The function R,[c,,B,] will be assumed to be 
given by Ow[ c , ]  since isothermal conditions are considered. 
Different types of reaction expressions may be considered 
since the solution methodology can handle any type of kinetic 
equations. Langmuir-Hinshelwood kinetics will be consid- 
ered in this section and are given by 

where k ( T )  is the kinetic constant, k ( T )  the equilibrium (ad- 
sorption-desorption) constant, and c,( [)  the concentration 
of the reactant at the wall of the reactor. Equation 68 can be 
nondimensionalized to yield 

(69) 

This equation has two important limiting forms: the zero- 
order reaction limit is achieved when c , ( t )>>  K ,  and the 
first-order case will be obtained when c,( [ ) << K.  The latter 
case usually implies a weak adsorption of the reactant species 
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Figure 6. Axial conversion profiles for the case of nth- 
order wall-catalyzed reaction. 
(a) Effect of the residence time for first-order reaction. (b) 
Effect of the wall Damkohler number for first-order reac- 
tion. (c) Effect of the order of the bulk reaction. 

on the catalytic surface. Variations of this kinetics will also 
be used in the illustrative examples studied in a section be- 
low. 

The integral equation that must be solved coupled with the 
various kinetics described earlier can be obtained as a partic- 
ular case of Eq. 24. The last term of this equation becomes 
zero since Q ( x )  = 0. Also, the first term of this equation is 
one as shown in the previous section for the case of uniform 
inlet distributions. This equation is a nonlinear Volterra inte- 
gral equation of the second kind. The equation requires iter- 
ation only at p = 1 (for c,([)) as opposed to 0 < p < 1 for 
the differential problem. Thus a hvo-dimensional (2-D) prob- 
lem has been effectively reduced to a 1-D problem. Also, in 
implementing the computational approach of the section ti- 
tled “Computational Aspects” in the resulting equation for 
the wall-catalyzed reactions case, the Gibbs phenomena have 
been corrected by following an approach discussed in Arce 
and Locke (1994). This procedure requires closed Fourier ex- 
pansions that have been derived in Appendix 1 of this article. 

Figure 6a, 6b, and 6c show a parametric study of the be- 
havior of the reactor when a nth-order catalyzed reaction is 
taking place at the wall. Figure 6a shows the effect of the 
residence time of the reactor on the radial averaged conver- 
sion profiles through the parameter a for a wide range of 
values. An increase in the value of the parameter a ( a  = 
2PeGe) implies that the averaged residence time decreases, 
and therefore the conversion level also decreases. For exam- 
ple, in Figure 6a, a value of a = 0.5 yields a conversion level 
at the output of the reactor of 97.6%, while a value of a = 5,  
which is an increase of ten times with respect to the previous 
value of a produces a conversion of only 42.1% at the outlet 
of the reactor. A value of a = 50 reduces the conversion of 
the reactor outlet to a value of 6.07%. Also, a value of a 
larger than a = 5 yields an almost linear behavior of the con- 
version profile with respect to the axial coordinate of the re- 
actor, [. On the other hand, a value of, for example, a = 0.5 
produces a very nonlinear increase in the conversion within 
the first half of the reactor. This particular behavior suggests 
that an axial gradient in the catalyst activity may be useful to 
effectively utilize the whole length of the reactor in an opti- 
mal way (Arce et a]., 1992). 

Figure 6b shows the effect of a variation in the Damkohler 
number at the wall, D,,, on the conversion profiles for a = 5. 
A value of D,, = 0.1 yields an output conversion of 7.4%, 
while when the D, is increased ten times, the conversion goes 
to a value of 42.1% at the reactor outlet. Figure 6c shows the 
results of the conversion, x([), as the order of the reaction 
is changed for fixed values of D, = 1 and a = 5. The results 
indicate that a zero-order reaction yields an output conver- 
sion of 80% and that this value drops to 47% when the order 
is changed to n = 0.5. A value of n = 3 produces a conversion 
of only 24% at the reactor outlet. 

Figure 7a shows computations for the case of a 
Langmuir-Hinshelwood reaction at the wall of the reactor, 
given by D,,c/(K + c).  The calculations were performed us- 
ing a = 5 and D,, = 1. The value of K was varied within the 
range between K = 0 (zero-order reaction) and K = 10. The 
values of the conversion of the reactor at the outlet ranges 
between 80% ( K  = 0) and 67% ( K  = 10). The results show 
that when the constant K’s doubled from K = 0.5 to K = 1, 
the outlet conversion drops from 39% to 30%, indicating that 
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for the conditions of the calculation a high accuracy in K 
value may not be of great importance. 

Figure 7b shows the effect of the order of the wall reac- 
tion, n ,  when a kinetics of the type D,c”/(K + c) is used at 
the wall of the reactor. For the value of a = 5 and D,, = 1. 
The most important variation is obtained when the order is 
changed from n = 0 to n = 1; the differences in the outlet 
conversion for values of n between n =1 and n = 3  are lo- 
cated within the range of 59.2% and 50%. 

Simultaneous Surface (Wall) and Homogeneous 
Reactions 

Simultaneous surface (wall) and homogeneous (bulk) reac- 
tions are important in a number of industrial processes. Some 
of these include photochemical reactions in, for example, 
photochlorination, photochemical desulfination, and pho- 
tooxidation (Braun et al., 1991), photocatalytic reactions of 
importance in water and air pollution control (Serpone and 

Pelizzetti, 1989), and hydrocarbon pyrolysis in petrochemical 
systems (Badger, 1967). Many petrochemical and pyrolysis re- 
action systems must be modeled by taking into account the 
wall termination steps. In some cases, the effect of these (wall 
tube) reactions have an important effect on the overall be- 
havior of a homogeneous reactor and they cannot be ignored 
(Froment, 1971). In general, the study of these homoge- 
neous-heterogeneous systems has focused on chemical reac- 
tions with simplified kinetics (Solomon and Hudson, 1966; 
Dang, 1983). In this section we present a solution scheme for 
this type of simultaneous (bulk and wall) reactions with the 
possibility of having nonlinear kinetics expressions of any type. 
Examples may include power law kinetics forms and/or 
Langmuir-Hinshelwood kinetics. The solution strategy fol- 
lows the case of surface catalyzed reactions and homoge- 
neous (bulk) reactions that were discussed previously. Fur- 
thermore, analysis for the simpler cases of zero-ordcr reac- 
tions are also presented, Some numerical illustrations for key 
cases are included. 

Within the framework of the analysis discussed in this arti- 
cle, and from the mathematical point of view, the case of 
simultaneous surface (wall) and homogeneous (bulk) reac- 
tions is more complicated since it requires the use of two of 
the three terms involved in the general solution given by Eq. 
24 and it requires iteration over both spatial variables: 

(70) 

This equation can be reduced further for the case of uni- 
form inlet concentrations, that is, c”( p ’ )  = 1. For this situa- 
tion, the input term (the first term of the right-hand side) 
reduces to unity. If, for example, Langmuir-Hinshelwood ki- 
netics is used for the wall reactions (Eq. 69) and power law 
kinetics, for the homogeneous reactions (Eq. 60), then the 
solution for the case under analysis is given by 

The first term on the right-hand side in Eq. 71 is the effect 
of the inlet distribution (a constant term), the second term is 
the contribution of the wall-catalyzed reaction, and the third 
term is the effect of the bulk reaction. The solution to Eq. 71 
has been obtained following the procedure described in the 
previous section and the section titled “Computational As- 
pects.’’ 

Parametric calculations varying the adsorption-desorption 
constant K (Figure 8a), the Damkohler number at the wall 
D,, (Figure 8b), the bulk Damkohler number (Figure 8c), and 
the order of the catalyzed reaction in the bulk, n (Figure 8d), 
were performed for the case of a = 16. For the case of Fig- 
ure 8a the values of D, and Do, are such as D, = D,, = 1. 
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Figure 8. Axial conversion profile for the case of first-order bulk reaction and a Langmuir-Hinshelwood reaction at 
the wall given by D,,c/(K + c). 
(a) Effect of the parameter K .  (b) Effect of the wall Damkohler number.  ( c )  Effect of the bulk Damkohler number.  (d) Effect of thc bulk 
reaction order  

The conversion profiles for the reactor show a slight expo- 
nential behavior for the different values of K and the output 
conversion of the reactor is located within the range of 14.91% 
(for K = 5.0) and 31.17 (for K = 0.1). A value of K = 0.1, a 
= 16, and D,= 1 were used in the computations that are 
shown in Figure 8b. This figure shows the effect of the reac- 
tion at the wall (of a Langmuir-Hinshelwood type) when the 
bulk reaction follows a first-order kinetics. The overall con- 
version reaches a value of only 11.6% when the wall reaction 
is not present (D,, = 01, but it increases up to a value of 
46.33% when the value of D,, = 2. When D,, is increased 
by ten times (from D,, = 0.1 to DUw = 1) the conversion at 
the outlet of the reactor goes from a value of 13.68% to one 
of 31.17%, which indicates a change of approximately 
127.85% in the output conversion of the reactor. This value 
although important, represents a relatively small change in 
the output conversion, that is, 2.28 times vs. the magnitude of 
the change in the Damkohler mentioned previously. 

Figure 8c represents the effect of the bulk reaction on the 

catalytic reaction at the wall. The wall reaction follows a 
Langmuir-Hinshelwood kinetics of the type D,,c/( K + c) 
with K = 0.1, D,, = 1, and a = 16. This case may be viewed 
as the effect of a side (bulk) reaction on the overall conver- 
sion in the system when the reaction of interest occurs at the 
wall of the reactor. For example, when the bulk reaction is 
not present ( D ,  = 0) the output conversion is only 21.87%; 
however, this value increases to 31.1% when D, = 1 and to 
39.11% when D, = 2. These calculations suggest that an im- 
portant part of the reactant is being converted to nondesir- 
able products in the reactor even for relatively small values 
of the Damkohler number of the bulk reaction. Figure 8d 
shows the effect of the change of the order of the reaction in 
the bulk when a Langmuir-Hinshelwood kinetics occurs at 
the wall of the reactor. As before the most important change 
in the output conversion is obtained when the order n goes 
from n = 0 to n = 1. Higher values of n yield only relatively 
small changes in the output conversion of the reactor. The 
zero-order reaction case is treated in Appendix 2. 
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Summary and Concluding Remarks 
An integral-spectral approach for laminar flow systems 

with homogeneous (in the bulk of the fluid) and heteroge- 
neous (at the wall) sources has been obtained. The solution is 
valid for heat or  mass transfer processes without sources such 
as chemical reactions or with generalized source functions. 
The solution is, in the general case, formal since it is an inte- 
gral equation. For heat or mass sources that do not depend 
upon temperature or concentration (i.c., linear problems), an 
analytical solution can be obtained. The  general solution ob- 
tained in this article reduces to analytical expressions known 
in the literature for simpler cases such as the Graetz problem 
(Graetz, 1883, 1885; Ncwman, 1973). The integral equation 
features a kernel given by the Green’s function, which is ex- 
pressed in tcrms of the eigenvalues and eigenfunctions of the 
associated Stiirm-Liouville problem. This problem is solved 
completely in tcrms of known analytical functions (Poiseuille 
functions), which result from a combination of exponential 
and Kummer functions (Lawerier, 1951). These functions 
provide a vcry efficient way to solve the characteristic equa- 
tion and to complete the cigenfunctions of the problem. The 
approach is fast, direct, and reliable. Moreover, asymptotic 
forms can be obtained for the computation of a large number 
of  cigenvalues in cases where they are needed. The Green’s 
function has mathematical featurcs common to all laminar 
flow situations and, interestingly, it is independent of factors, 
such as thc sources, that are specific to each problem. This is 
a very useful aspect in order to avoid repetitive computa- 
tional effort when treating different cases, as was illustrated 
in the different applications considered in this article. 

The reason that thc Green’s function shows the charactcr- 
istics mentioned earlier is that the eigenvalue problem arises 
from the linear transport operator for the laminar convection 
and the radial diffusion without including the source terms. 
This dccoupling of sources and transport is the essential 
characteristic of the Grecn’s function approach followed in 
this analysis that gives rise to an improved computational 
strategy. The results of the present effort are useful for de- 
veloping computational schemes that are economical in time 
and have a fast convergence rate. The analysis reported here 
is focused on axial convective and diffusive (radial) transport 
without axial dispersive transport o r  axial conduction; how- 
ever, the operator framework introduced in this article can 
be extended to include this case as well as the case of trans- 
port in multiphase interactive systems. This will be the sub- 
ject matter of future contributions. 

For the case of catalytic reaction at the wall, nonhomoge- 
neous boundary conditions are observed and therefore the 
Gibbs phenomena arising from the Fourier expansion must 
be handled properly in order to  yield the correct results. The 
present analysis has followed a methodology described in 
Arce and Locke (1994) that can be used to construct efficient 
computational algorithms to overcome the Gibbs phenom- 
ena. The technique is based on closed sums of Fourier ex- 
pansions of linear problems; however, they can be used for 
solving problems featuring nonlinear kinetics. The proposed 
technique is an alternative to the classical Lanczos methodol- 
ogy to smooth the impact of the Gibbs phenomena in Fourier 
expansions. Although the proposed method has been applied 
to Poiseuille reacting flows, its validity is more general and it 
can be extended to other convective-diffusive transport prob- 

lems. Some of these cases will be the subject matter of future 
publications. 
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Notation 
A,, =normalization constant in fiilbert space H 
a,, =transformation in Kummer functions 

c = nondimension (molar) concentration 
c’ =molar species concentration 

ch( 6 )  =bulk concentration profile 

K ( T )  = adsorption-desorption constant 

Q(x) = nondimensional heat generation, after Eq. 4 

Ge =geometric function 

L =length of tube 

r =radial coordinate 
R =tube radius 

R ( c )  =reaction rate function 

R( p )  = weighing function of the inner product of L in H 
R,[C,] =reaction rate of the j th reactant species 

x = ( p, 6 )  =vector of independent spatial coordinates 
U ( . )  =fundamental solution of Kummer’s equation 

x =vector of spacial coordinates, dimensional 
y=A,p ’  
z =axial coordinate, dimensional 

Subscripts and superscripts 
n =number of terms in expansion 
i =dummy variable of integration 

A =dimensional variable; dimensional quantity 
b =bulk 
n =eigenvalue index 
n =reaction order 

Greek letters 
a =coefficient defined in Eq. 2 
p =equilibrium coefficient at the wall, Eq. 10 

p,l =function of eigenvalue A,, and a ,  = A; /a  
,y( p ,  5 ) =local reactor conversion, (c”  - c)/c” 

v =stoichiometric coefficient 
(2 = nondimensional reaction rate, Eq. 2 

,y,( 5 ) =wall reactor conversion 

q,2( p )  = integral function of Poiseuille function; function of the 
variable p 

pnr =fluid density 
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Appendix 1 
1. Given that +,,( p )  is the Poiseuille’s function defined by 

where M[. ]  is the Kummer function of first kind, and A,, is 
the eigenvalue of the radial diffusion operator L defined in 
the third section, then the integral numbers {y,,} defined as 

where R( p )  = p(1-  p2), have the following values 

where the subscript p indicates differentiation with respect 
to p.  

For the case of Neumann boundary conditions, 
or, alternatively, flux boundary conditions, y,, have the fol- 
lowing two values 

Corollay. 

1 
yn=? n=O. (A4b) 

To show that Eq. A3 is true, the use of the eigenvalue prob- 
lem given by Eq. 33 is required. After integrating Eq. 27 once, 
the following result is obtained 

by making use of the fact that &(O) = 0 is straightforward to 
conclude that Eq. A3 is true. Equation A4a can be proved by 
using &,(1) = 0, V,, 2 1. For the case of A, = 0, by using the 
definition of y,, Eq. A4b can be shown by using 4” = 2 for 
the normalized zero eigenfunction. 

2. Given that 4,J p )  is the Poiseuille function as indicated 
in section one of this appendix, then the series is identified as 

is the Fourier expansion of the following function 

7 
24 . 
- 

To establish Eq. A7 the zero-order problem will be used; 
however, since Eq. A7 is the closed form of Eq. A6, there is 
no dependence of final closed form on the reaction rate. This 
can be observed through Eq. A6, where the eigenfunctions 
and eigenvalues are independent of the kinetics. This is a 
major advantage of the present approach. In order to show 
that Eq. A7 is true, we must recognize that 

Equation A8 can be derived by seeking 6 to be far enough 
from the reactor inlet entrance so the Eq. A7 immediately 
leads to the result of Eq. A8: Since the function Ws< p )  is part 
of the solution c(x), according to Eq. A8, it must satisfy the 
following differential equation 
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where R( p )  was previously defined. Also, qx( p )  must satisfy 
the following boundary conditions 

parameters Daw and a such as c=( p , [ )  2 0. For example, 
based on the wall-outlet conversion, the a and Daw must 
satisfy the relationship 

(A171 
1 

Duw = 

(%+$) Equation A9 and Eq. A10 are easily checked by replacing 
c = ( p , t )  in the differential model given earlier (Eq. 4) with 
fL(c,O) = 0 and Eqs. 8a and 8b. Also, cm( p , [ )  will satisfy an 
integral balance condition rather than the inlet condition at 
5 = 0. This condition can be derived by applying the averag- 
ing operator given by Eq. 23 to the differential model. The 
result is 

in order to comply with c,, p , t )  2 0. 

Appendix 2 
The differential model for the limiting case of zero-order 

bulk and wall reactions as given by 

dc a dc 
ap(1- ,021 - = - (AH) ag dp ( p.,) - where the nondimensional zero-order reactions have used 

boundary conditions at the wall. Equation A l l  leads to 

can be averaged directly using the definition given by Eq. 24 

Now, by replacing c ( p , t )  by c l  p , [ )  and using Eq. A8, the 
following result is true 

and the boundary conditions 

Equation A13 is an integral constant for the function Ts( p )  
that is a direct result of the integral (or average) balance given 
by Eq. A12. Now, by integrating Eq. A9 twice, the general 
equation written below is obtained for function qs( p )  

Applying the average operation of Eq. A19 mentioned earlier 
directly to the differential model Eq. A18 and using bound- 
ary conditions A20 gives 

1 
4 

Ts( p )  = -(4p2 - p4)+ c, In p + c 2 .  (A14) 

The use of the boundary condition at p = 0 implies that c1 = 0 
and the use of Eq. A14 leads to c2 = - 6. Replacing these 
values in Eq. A14 implies that 

and therefore 

1 7 

4 24 
qS( p )  = - ( 4 p 2  - p 4 ) -  -, (A13 

and the conversion for a uniform inlet is then given by 
which is, in fact, the result given by Eq. A7. 

order reaction is given by 
Corolluiy. The asymptotic solution cm( p , [ )  for the zero- 

(A231 

which would be equivalent to that determined by averaging 
the solutions of the differential model as proposed in the text. 

This equation can be checked by replacing T s ( p )  given by 
Eq. A15 in Eq. A8. Equation A16 is valid for the values of Manuscript receiwd Apr. IS, 1994, and reuision receiwd Dec. 27, 1994. 
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